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We  present a theoretical description of  nuclear collisions which consists of  a three-dimensional 
fluid-dynamical model, a chemical equilibrium breakup calculation for local light fragment (i.e., p, 
n, d, t, 3~e,  and 4~e)  production, and a final thermal evaporation of  these particles.  The light frag- 
ment  cross sections and some properties of  the heavy  target residues are calculated for the asym- 
metric System Ne+U at 400 MeV/N.  The results of  the model calculations are compared with re- 
Cent  experimental data.  Several observable signatures of  the collective hydrodynamical processes 
are consistent with the present data.  An  event-by-event analysis of  the flow patterns of  the various 
clusters is proposed which can yield deeper insight into the collision dynamics. 
I 
NUCLEAR  REACTIONS  Relativistic  heavy-ion  reactions,  hydrodynamic 
description, nucleon and nuclear cross sections.  I 
I.  INTRODUCTION 
Recent experimental re~ultsl-~  on fragment emission in 
high energy nuclear  collisions can be qualitatively under- 
stood as being due to collective flow processes as predicted 
by  the hydrodynamic  m~del.'~~-'~  In this paper we  will 
present a quantitative comparison of the main experimen- 
tal results with an extended fluid dynamical model, which 
also includes a calculation of  the light cluster production 
and their spectra. 
The various models constructed so far to describe high 
energy heavy  ion reactions rely on basically  different as- 
sumptions.  In  the  fireball  model,lY a  global  thermal 
equilibration  is  assumed among  all participant nucleons. 
In the firestreak  rn~del,'~  this requirement  is  relaxed  to 
smaller  partitions  (streaks), while  in  the hydrodynamic 
model  only  local  equilibrium  is  required.  On the other 
hand, the cascade models  assume no equilibrium  and in 
their different  existing  versions  different types  of  equili- 
bration  are reached  during  the  collision.  The extent  of 
equilibration depends essentially on the mean free path (h) 
of the nucleons.  The mean free path of an impinging pro- 
ton  in the nucleus  has recently  been  determined  experi- 
mentally  to be  h=2.4 fm."  However,  owing  to the in- 
creasing temperature and density this value can become 
much smaller in nucleus-nucleus  collisions.  First experi- 
mental re~ults~~  yielded h= 1 fm.  Hence local equilibrium 
may be achievable and hydrodynamic effects may become 
important, in particular if  heavier Systems are investigat- 
ed.  Experimentally  the equilibration  may be  studied  by 
the comparison of the light fragment ~~ectra.~~ 
There are a considerable  number  of  theoretical  studies 
of  fragment  production.  Many  of  these  assume  that  a 
fireball is produced, which can be characterized by global 
thermal and chemical equilibrium.  They differ from each 
other in the statistics  applied (ideal cla~sical,'~-~~  quan- 
t~m,~~'~~-~~  quantum  with  interacti~ns~~,~')  and  in  the 
number  of  the considered  composite fragments, which is 
usually small, but can go above one hundred by  consider- 
ing all  stable and excited states of  nuclei  up to A =  16.~~ 
In these models the thermal energy is identical to the ini- 
tial total c.m. kinetic energy.  This extreme assumption is 
mitigated  by  the consideration  of  the possible  collective 
flow  (or expansion), which  may carry a large fraction of 
the available  energy.6225232-34  I  n  these models,  some ef- 
fects of  the expansion  or explosion have been studied in 
simplified spherical geometry,  as, e.g., in the blast-wave 
m0de1~~  and in the different versions of the hadron chem- 
istry m0de1.~~  Already in the case of the simple spherical 
expansion  the inclusion  of  viscous  effects into the rela- 
tivistic hydrodynamic description6 can have a strong ef- 
fect on the observable fragment ratios, as was pointed out 
re~entl~.~~  Unfortunately the simple spherical  geometry 
assumed in these models is not very realistic. 
In the present  calculation we  combine the viscous hy- 
drodynamical model (Sec. 11) for the collision process with 
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evaporation calculation (Sec. 111) to obtain the spectra of 
the light  particles.  In Sec. IV we present  the results for 
mean values and fluctuations of the light 'ragment  multi- 
plicities.  Section V contains our results on the double and 
triple differential cross sections of the light fragments and 
an analysis of  the particle correlations.  The formation of 
heavy  fragments  and  some of  their  properties  are dis- 
cussed in Sec. VI.  An event-by-event analysis for the dif- 
ferent  fragments  is  performed  in  Sec.  VII.  The  con- 
clusions are given in the last section. 
11.  THE HYDRODYNAMIC MODEL 
If  we  derive  the  hydrodynamic  equations  from  the 
Boltzmann transport  theory,  we  assume that the system 
can  be  characterized  by  thermally  equilibrated  local 
momentum  distributions  or by  distributions  close  to the 
equilibrated ones.  In the former case we obtain the Euler 
equations of hydrodynamics, and in the latter the Navier- 
Stokes equations, which also include a description of  the 
transport properties of  the fluid.  If the local momentum 
distributions  are far from the equilibrium  ones,  a  two- 
fluid3'  or multifluid3'  description may be applied.  In the 
following  discussion  we  restrict  ourselves  to  laboratory 
projectile energies up to 400 MeV/nucleon.  Since we per- 
form  the calculations  in  the center-of-speed system, the 
application of nonrelativistic hydrodynamics is sufficient. 
The classical equations of  hydrodynamics can be formu- 
lated as conservation equations for mass. monientum, and 
energy.  The  local  baryon  density  n(F,  t)  and  the flow 
velocity field V( F, t ) obey the continuity equation 
The conservation of momentum density 
is given by 
where Go  V  denotes the dyadic product and P is the stress 
tensor given by 
Here the scalar pressure p is given by the equation of state 
and the viscous stress tensor involves the shear viscosity 
~(p,  T)  and the bulk viscosity C(p,  T). The interaction po- 
tential~  V are not included in the nuclear matter equation 
of  state because  of  their long-range properties.  Accord- 
ingly, V is defined as a sum of a Yukawa and ;i Coulomb 
contribution, Vy  and  Vc.  (The way  these potential5  are 
determined  and  the  choice  of  their  parameters  are 
described in Ref. 7.) The equation for conservation of en- 
ergy takes the form 
where K  is the coefficient of thermal ccnductivity and E is 
the energy per baryon (including kinetic and internal ener- 
gy).  In  the actual  calculations  fixed  parameters  7  =  10 
Mev/fm2c, <=0, and K=O  were used. 
To complete the set of  equations of  motion in the hy- 
drodynamic model, an equation of  state has to be speci- 
fied.  This is usually  done by  giving  the binding  energy 
per  nucleon.at  zero entropy as a function of  the density, 
Wo =  Wo(n). For finite entropy per nucleon  s,  the corre- 
sponding excitation energy of an ideal Fermi gas is added: 
All other thermodynamic quantities may be obtained easi- 
ly from W(n,s  ): 
The binding energy per nucleon at zero entropy, Wo(n),  is 
called  the compressional  energy,  One possible  form  of 
this function that was employed in the calculations is 
with Ko, the incompressibility of  nuclear matter, usually 
Set  equal to 200 MeV, B.  to -  16 MeV, anil no to 0.17 
fm-3. 
Numerical solutinns were performed  on a grid of  cell 
size Ax=  1.2 fm.  The numerical viscosity which is always 
present  in such calculations increases with increasing cell 
size.  Therefore to reach a good accuracy a very small cell 
size would be desirable, and then the value of the numeri- 
cal  viscosity  could  be  reduced  to a  valiie  much smaller 
than the physical viscosity.  Wowever, numerical expenses 
do not allow us to choose an extremelv small cell size, and 
so the value mentioned above was taken. 
From Ref  13 the numerical viscosity arising from this 
grid  size  can be  approximated  to be  approximately  the 
Same as the physical value used  (10 ~e~/fm~c).  This is 
certainly not sufficient for doing systematic studies about 
visc~sit~,~~  but that is not the goal of this Paper:  Here we 
are trying to get an overview about the results and the in- 
teraction  of  the  hydrodynamical  and  fragmentation 
models used.  From Ref. 13 it niay be expected that varia- 
tion  of  7 (and also of Ax  leading to different numerical 
viscosity) should not much alter the qualitative features of 
the results. 
A  detailed  study  of  the  effects  of  viscosity  on  the 
three-dimensional  calculations  will  be  published  else- 
~here.~'  The numerical  viscosity was found to be  10 (2) 
~e~/fm~c  for a cell  size of  1.2 (0.4) fm.  The total con- 
servation laws (mass, momentum, and energy) are fulfilled 
within 0.556.~' Comparison of temperature and density in 
the compressed region with values expected from solving 
the Rankine-Hugoniot equations (which actually  require 
slab geometry) gives  agreement  to within  5-10%.  The 
density  values  obtained  numerically  are typically  below 
the Rankine-Hugoniot value. 
Solving  the equations of  motion of  fluid dynamics in 
the realistic three-dimensional geometry of  a nuclear col- 
lision is a very expelisive computation.  As long as the col- 
lision of the two nuclei is supersonic, that is their relative 
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dominant  dissipation  mechanism  in  the  hydrodynamic 
model.  Due to the large  pressure  that builds up  in  the 
shocked  interaction  Zone,  hydrodynamic models  show a 
preferred  sideward  emission in  central  collisions.  Note, 
however, that shock waves are not a necessary prerequisite 
to getting sidewards emission in hydrodynamics; it can be 
present in subsonic flows too, when the equation of  state 
is sufficiently stiff.  Such predictions, as we will see later, 
find support from the emission Patterns of a!  particles and 
protons  that  have  been  observbed  in  high-multiplicity- 
selected  events of  a particle track  detector'  and  Counter 
data,2-4 respectively. 
Collisions very  close to central do not contribute much 
to the Cross  section, so that for measurability  considera- 
tions it is imperative to examine the behavior  at larger, 
especially intermediate, impact parameters.  At intermedi- 
ate impact parameters a different phenomenon is predict- 
ed  in the hydrodynamic model, namely the "bounce-off" 
effect14 where the projectile matter as a whole essentially 
is deflected by the target collectively (Fig. 1). 
111.  CHEMICAL EQUILIBRIUM AT BREAKUP: 
LIGHT FRAGMENT PRODUCTION 
To draw accurate quantitative conclusions regarding the 
experimental observables in the final state, an evaporation 
model  is  attached  to  the  hydrodynamic  calcula- 
tions,5,6,  13'15-  17,41,42  because  at  late  expansion stages  of 
the collision vrocess when the matter is alreadv dilute, the 
conditions  of  the hydrodynamic  description  are not'ful- 
filled.  The pressure gradually  decreases and  a transition 
from nuclear matter to separate nuclei takes place as, e.g., 
the surface phase transition in neutron ~tars.~~  Here this 
gradual transition is even more complicated, because we 
are in a dynamic system, and during the transition the in- 
teractions  also  cease.  Small  fragments  condense out  of 
nuclear matter, forming light nuclei.  These then lose con- 
tact, owing to the further expansion of  the system. 
In  the model  this  gradual transition  is  replaced by  a 
sudden breakup  process.  The breakup moment is chosen 
FIG.  1.  Density (P),  temperature  (T),  and  velocity (arrows) 
distributions  in  a  relativistic heavy  ioii  collision  (Ne + U  393 
MeV/N)  in  the  laboratory  system  at  the  breakup  moment 
(t  =  35 fm/c).  The impact  parameter  of  the collision  is  b =  6 
fm.  The crosses indicate that the flow velocity is u <  0. lc.  The 
full contour lines belong to temperatures  T =  10 and 20 MeV, 
the dashed ones to nucleon densities p=0.05  and 0.1 (l/fm3). 
for  all  impact  parameters  to be  that  moment  when  the 
maximum  nucleon density in the matter is below normal 
nuclear  density.  So  the  average  density  at  breakup  is 
p=0.05-0.07  fm3. Unfortunately, the continuous break- 
up in time, which is  used  in simple linear and  spherical 
fluid  dynamical  models6,41342  as  well  as  in  a  three- 
dimensional cal~ulation'~  using  the particle in cell (PIC) 
method with a sharp surface, would cause tremendous dif- 
ficulties  in  our  three-dimensional  calculation,  especially 
because of  the diffuse nuclear surface and long range Yu- 
kawa and Coulomb interactions.  So we had to choose the 
sudden breakup assumption as in previous calculations in 
the hydrodynamic and evaporation m~del.~,'~~'~  Based on 
Refs.  36 and 41 we  assume that at the breaku~  moment 
the chemical and thermodynamical equilibrium is already 
established  locally  among  the  light  nuclear  fragments. 
For  simplicity  we  use  here  simple  Boltzmann  statistics 
mainly because of smaller numerical expenses. (The deter- 
mination of  the thermal and chemical equilibrium should 
be  performed  separately  for  each  local  fluid  cell.)  Al- 
though  quantum  statistical effects may  cause observable 
difference~,'~  these  quantum  effects  act  mainly  in  the 
direction  of  enhanced  collective effe~ts.'~  The relativelv 
limited number of fragments considered and the neglect of 
quantum  effects and decaying states cause, on the other 
hand, an inaccuracy in n/p and d/p ratios.  Thus the den- 
sities  of  different  nuclei  (i  =p,n,d,t,3~e,4~e)  are  deter- 
mined by  statistical fa~tors~~-~~: 
where 
and 
is  the thermal de Broglie wave  length.  The density of  a 
given  fragment  i of  charge Zi and  neutron  number  Ni 
(Ai=Ni  +Zi  1  depends on the common  temperature  T of 
the mixture,  on the Proton and neutron densities np  and 
n,,,  and  on  the  physical  properties  of  the  fragment  i, 
namely on the ground state energy E!)  (E!)  =2.23,  8.49, 
7.72, and 28.3 MeV for i =d, t, 3~e,  and 4~e,  respectively) 
and spins Si. The unknown parameters n,,,  n„ and T can 
be obtained from the conservation of local baryon number, 
charge, and energy: 
where n is the baryon density in the fluid cell at the break- 
up moment and  the total internal energy of the fluid 
cell including binding  ( k„'„  =  1  ).  A solution of Eqs. (9) 
with  positive  temperature  T exists  only  in  those  cells 
where the internal excitation energy is not too low.  In the 
regions  where  Eint «  8  MeV/nucleon,  light  fragments 
cannot be formed [there is no physical  solution for Eqs. 
(9)], but a larger nucleus can be created from the contribu- 2004  LASZLO P.  CSERNAI et al. 
tion of some neighboring fluid cells (See Sec. VI). 
It has to be noted that this is not a unique choice of the 
conserved quantities.  In Ref. 17 it is assumed that the en- 
tropy  is  constant  during  the  breakup  process.  As  was 
pointed  out by  Scott and ~ri~athi?~  the disassembly  of 
nuclear  matter  represents  a  first-order  phase  transition 
below  a  critical temperature of  Tce18-20  MeV, and so 
an entropy increase may be obtained at the breakup.  This 
shows up as an enhancement of  the light fragment emis- 
sion  compared  to  naive  fireball  predictions.  In  our 
description we do not fix the entropy during breakup and 
we  obtain  an  increase  of  the specific  entropy  of  about 
10-20  %  arising  from  the  fragment  formation  at low 
temperatures.  At higher  temperatures where mainly free 
nucleons are formed, the entropy hardly changes. 
The ratios of  the different light nuclear fragments are 
sensitive to the local temperature at breakup.  Since, how- 
ever, only a minor part of  the entropy is produced in the 
expansion  stage6,13,41  even  in viscous  flows, the entropy 
produced in the compression shock waves can be estimat- 
ed relatively  accurately.  The specific entropy s after the 
breakup moment in each fluid cell can be estimated as 
where 
and gi is the spin degeneracy factor. 
In hydrodynamic calculations we can evaluate the local 
specific entropies before and after the breakup.  The latter 
ones influence the observed light particle cross sections to- 
gether with  the local  collective flow.  Once the influence 
of the collective flow in the final state has been extracted, 
the local thermal excitation of projectile and target can be 
determined  from  the  ratios  of  the different  light  frag- 
ments in certain regions of the rapidity space. 
In the following  calculations a  strong average entropy 
increase  occurs  at  breakup.  This  increase  is  for  two 
reasons.  The entropy determined after the breakup is the 
averagc specific entropy of those regions where light parti- 
cles (p-4~e)  are emitted.  These are the hottest regions of 
the collision, where the entropy also is larger.  The low en- 
tropy of  the deeply bound  fluid cells does not  appear in 
the entropy of the light particles.  On the other hand, the 
formation  of  composite  fragments  leads  to temperature 
and entropy increases in the hot regions also, because we 
gain  the binding  energies of  the small fragments.  These 
two effects lead to a smaller entropy decrease at low bom- 
barding  energies  than  is  expected  on  the  basis  of  the 
Rankine-Hugoniot equation with some given equation of 
state.  Other effe~ts~l-~~  also act in this direction so that a 
quantitative conclusion about the total entropy of the final 
state as given in Ref. 25 is hardly possible on the basis of 
the light fragment production ratios alone. 
Recent studies of  this evaporation pro~ess27~30-32  shcw 
that the consideration of the interactions among the frag- 
ments causes strong deviations from the ideal gas assump- 
tion, especially for the deuteron to Proton ratio.  If we in- 
crease the density of the deuteron-nucleon gas mixture at 
a  fixed  temperature,  initially  the  deuteron  density  in- 
.  \.  -  . .  . . ./'  1  ---  i 
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FIG.  2.  Proton  (p) and  alpha particle  (a)  density  contour 
lines  calculated for the breakup  configuration  of  Fig.  1.  The 
protons are formed in the middle hot regions mainly opposite to 
alphas which are formed at the sides.  The contour lines belong 
to n,=0.005  (l/fm3)  and n,=0.003  and 0.006 (l/fm3). 
creases.  But contrary to the ideal gas predictions, at a cer- 
tain densitv the deuteron to nucleon ratio reaches a max- 
imum and the further density increase leads to a decrease 
of  the d/n  ratio.  This can be taken into account by  the 
explicit  consideration  of  the specific volumes  of  the 
fragments2',"  for dilute gases, i.e., the fragments are not 
pointlike  but  they  have a  finite volume,  thus forming a 
Van der Waals gas.  Generalizing the above mentioned ap- 
proach32  to our case a correction can be obtained to the ai 
factor of Eq. (8): 
Owing to this factor the creation of fragments with large 
volumes  (like  d)  is  strongly  suppressed,  especially  at 
higher densities, thus simulating the quantum mechanical 
effects  in  the  vicinity  of  the  Mott  tran~ition.~',~~  The 
volumes  Vi  are taken from Ref. 45 as V,  =2.2,  2.2, 27.4, 
20.9,  22.8,  and  18.1 fm3 for i=p, n, d, t, 3~e,  and 4~e, 
respectively. 
In Fig. 2 the local fragment densities ni(P)  for p and a 
are shown after the breakup of the nuclear matter.  In the 
central hot region mainly protons are formed, while in the 
colder  side regions  (see Fig.  1) the heavier  fragments are 
emitted preferentially. 
Once the partial densities and the equilibrium tempera- 
ture  are  given,  the  thermal  momentum  distributions 
!F~(P,F)  in the fluid cell at Fcan be written as 
Since the fluid is moving with the local collective velocity 
V( F), these distributions should be transformed to the lab- 
oratory  system  by  a  Lorentz  transformation.  The dif- 
ferential Cross section of particle of type i 
is obtained by adding up the contributions of all fluid cells 
in the laboratory system and then summing up the results weiqbt factor 
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FIG. 3.  The central (high multiplicity selected) cross sections 
are calculated by  using the cascade simulations of Toneev (Ref. 
47) (dashed line), because collisions with high impact parameters 
also contribute to the high multiplicity selected data.  The sharp 
cutoff function previously used for the calculation of  the contri- 
butions of impact parameters in central reaction cross sections in 
the framework of  the hydrodynamic and evaporation model is 
indicated by  the dashed dotted line.  The full line shows the im- 
pact parameter weighting for inclusive cross sections. 
of  the  different  impact  parameter  calculations  weighteu 
by the corresponding geometrical surfaces. 
In previous hydrodynamic  model studies it turned  out 
that the applicability of the model in the energy range dis- 
cussed  is  restricted  to  the central  and  near  central  col- 
lisions  of  sufficiently  massive  nu~lei.~,~',~~  In  other 
words, for peripheral  collisions or for collisions of  small 
nuclei like C +  C, the model, as a continuum model, is not 
appropriate.  Here the relatively few collisions among the 
participant nucleons can be followed more accurately in a 
cascade model.  Thus in the following Part  of  the paper 
we discuss mainly "central"  collisions.  Within the hydro- 
dynamic model it is not trivial to decide which impact pa- 
rameters  belong  to a specific experimental trigger mode, 
because the fluctuations are not  described by  the model. 
In experiments usually a lower bound M for the charged 
particle multiplicity  is required.  In the hydrodynamical 
model the multiplicity  decreases monotonically  with  im- 
pact  parameter  and  so  a  lower  bound  in  multiplicity 
would  mean  an  upper  bound  B  in  impact  parameter. 
However, due to fluctuations discussed in the next section, 
it is possible that collisions with a higher impact parame- 
ter than B yield a larger multiplicity than M, and smaller 
impact parameters might contribute to small multiplicity 
events too.  This means that the central, high multiplicity 
selected data do not correspond to a strict impact parame- 
ter range b =0-B  but rather to a wider range of  impact 
parameters with the proper weight factors.  Inside the hy- 
drodynamical model, however, it is not possible to calcu- 
late the portion of collisions at a given impact parameter 
that contribute to events with multiplicity  larger than M. 
We therefore use a cascade simulation of  ~oneev~'  where 
for  the  393  MeV/N  Ne +  U  collision  the experimental 
high  multiplicity  ~election~~  (M„, > 10) was studied  and 
the contributions  of  the different  impact parameter  col- 
lisions were determined (Fig. 3).  In the following applica- 
tions  we  discuss  the  same  reaction  and  take  the  given 
smooth cutoff  function of  Fig.  3 for the description  of 
central  collisions.  This procedure  is  similar to the  one 
used by  Schürmann and ~hemtob.~~ 
IV.  MULTIPLICITIES AND THEIR FLUCTUATIONS 
First  let  us  calculate  the multiplicities  of  the various 
light particles from p to 4~e  in the above model (Table I). 
From these quantities the total charged light particle mul- 
tiplicities 
N.  NtOt  =zi  =p-4He  l 
and the total bound proton multiplicities 
can be  obtained.  These values are expectation values ob- 
tained  under  the  assumption  that  the  local  momentum 
distributions are equivalent to that of  an ideal gas mixture 
of light nuclear fragments.  Even if we neglect the fluctua- 
tions arising from this assumption, a lower bound for the 
fluctuations  can  be  obtained  in  the following way.  We 
have Z protons in our system and we expect that NFp free 
TABLE I.  Total light fragment multiplicities for the Ne + U (393 MeV/N) reaction calculated in the 
hydrodynamic and evaporation model (with B, = -  16 MeV, Ko  =200  MeV, and 7 =  10 ~ev/fm'  C)  at 
different  impact parameters b.  The average density (p),  internal energy  (E), and temperature (T)  are 
listed.  The quantities T after the breakup do not contain the contribution of the deeply bound fluid cells 
which form a heavy residue in the model (see Sec. VI). 
b  P  E  T 
(fm)  (fm-9  (MeV/N)  (MeV)  P  11  d  t  "e  4He protons are produced  in a  collision  with  a  given impact 
parameter  and  energy.  The probability  to find  a  given 
proton as a free one is 
P =NFP/Z  (14) 
and the probability to find it in a cluster is 
1-P  =(Z,-NFp)/Z  .  (15) 
Therefore  the  probability  to  find  n  free  protons  is 
described by the following binomial distribution: 
W (n)=pn(  1  -p)Z-n~!/[n!(~  -n)!] ,  (16) 
and the expectation  value of  the fluctuation of  the free 
proton number is ANFp, 
(~~&)=(n~)-(n)~=(l-~)(n) 
=NFP -(Z -NFP)/Z  .  (17) 
A  second  source of  the fluctuations is the limited sensi- 
tivity range of the experimental de~ices.~'  Assuming that 
the fluctuations  arising  from  these  two  effects  are in- 
dependent, the relative fluctuations can be added to each 
other: 
( ANFp /NFp  )ObS =  (ANFp  /NFp )themod"n 
+  ( ANFp /NFp Idet  .  (18) 
FIG. 4.  Contour plots  of  triple  differential  invariant cross 
sections  ( 1  /p)d3~/d~  d@d  cos6  for  the  reaction  "~e(393 
MeV/N) +  23R~  at the impact parameter b =6 fm in the reac- 
tion  plane  (@=0"/180")  and  in  the  plane  orthogonal  to  it 
(@=90"). The contour  lines labeled by  the parameter  q corre- 
spoiid to a value of  10q/(sr M~v~).  Parts (a),  (b), (C),  id), (e), and 
(fl  correspond to p, n, d, t, 3~e,  and 4~e  cross sections, respec- 
tively.  The bounceoff  effect is  predoininantly  observable in t, 
3~e,  and 4He spectra. 
%h~7-e.oit~:  c?!Iilon 
t  ,3C0,.  morrer:u~  ois 
FIG. 5.  The dependence of the c.m. bounceoff deflection an- 
gle and inelasticity of  the impact parameter b.  At impact pa- 
rameters  lower  than  3  fm  the  second  local  maximum  of  the 
spectrum  vanishes  and  so  the  inelasticity  cannot  be  uniquely 
determined, but the bounceoff angle is measurable. 
Since after the collision Q  free nucleons are produced and 
one nucleon is observed by the detector with a probability 
q, the total observable fluctuation can be estimated as 
where the first term describes the thermal fluctuations and 
the second one the limited sensitivity of the detector.  The 
calculated energy spectra may provide us with a possibili- 
ty to estimate roughly the detector sensitivity for a given 
reaction. 
V.  DIFFERENTIAL CROSS SECTIONS 
AND CORRELATIONS 
Calculations were performed for 20~e  +  238~  collisions 
at a projectile  energy of  393 MeV/nucleon.  In the triple 
differential  cross  sections  strong  azimuthal  correlations 
are obtained at A<D =  180".  The two main jets  arise from 
the target and projectile evaporations, and can be observed 
as local  peaks  (Fig. 4) in the cross section at a fixed im- 
pact  parameter.  The  two  peaks  are  approximately 
A$=  180"  from  each  other  in  the nucleus-nucleus  c.m. 
frame because of momentum conservation.  From the po- 
sition  of  the  peaks  in  the  c.m.  momentum  space  the 
momentum  lost  in  the  inelastic  collision  can  be  deter- 
mined.  Because of  the lower temperatures of  the projec- 
tile and target remnants at the breakup moment (Fig. 11, 
mainly  heavier  bound  fragments, e.g.,  4~e  (Fig. 2), are 
formed here.  Furthermore, because these are in thermal 
equilibrium with other species, their thermal velocities are 
considerably  smaller than those of the lighter species and 
so the smearing due to the random  thermal velocities is 
weaker while the collective velocities  are the Same.  Thus 
the heavier  fragment  cross  sections  show  the collective 
flow properties more clearly (Fig. 41,  so that the deflection 
angle and the loss of collective momentum in the c.m. sys- 
tem are accurately measurable using the tnple differential 
4~e  cross sections (Fig. 5). 
Experimental  triple  differential  (azimuth  dependent) 
cross sections are not available yet, but p, d, and t double 
differential cross sections for central (M„, > 10) Ne (393 
MeV/N) +  U  reactions  were  measured  re~entl~.'~~ 
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FIG. 6. Double differential p, d, and  t cross sections for the 
central Ne  (393 IvleV/N) + U reaction.  The experimental cross 
sections (Refs. 2 and 3) (points)  are at  12, 21, 47, and 82 MeV/N 
energies and the calculated ones at 10, 20, 50, and 80 MeV/N. 
cross sections given in Fig. 4 and integrating over b with 
the smooth cutoff  (Fig. 3), we  obtain the double differen- 
tial cross sections in our model.  The comparison to the 
experimental  data  shows  an  overall  agreement  with 
discrepancies remsining in sorne regions (Fig. 6). At small 
angles ( 8 =  20"-30")  the energy dependence in our calcula- 
tion  is stronger and the sideward peaking is predicted  at 
higher  angles.  330th  of  these deviations indicate that  in 
-0.3-1  7  ' 
~XP  LI0M~llr1~1c~nn he-A~-15,C;-X  1 
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FIG. 7.  Heavy-light fragment correlations calculated in  the 
theoretical  model  for  one  impact  parameter  b =6  fm.  The 
heavy  fragment is  4He at 8=90" in  the laboratory System  mea- 
sured in coincidence with a proton at 8=4O0 in the energy range 
30-50  MeV.  The correlation at AQ=  180" is the consequence of 
the bounceoff  effect.  The experimental points are taken  from 
Ref. 4. 
the experiment the collisio~is  with higher impact parame- 
ters have a larger weight than assumed by  the smooth cut- 
off curve, or that the one fluid model somewhat overesti- 
mates the bounce-off angles at a given impact parameter. 
However, the forward suppression and sidewards peaking 
in the experimental and calculated data indicate the pres- 
ence of  the collective bounceoff process.  Earlier specula- 
tions that the fonvard suppression in p spectra is caused 
by  the formation of  composite fragments does not  hold, 
because  the  composite  fragment  cross  sections  (d,t) are 
also suppressed in forward directions both in the experi- 
ment and in our calculation. 
Recently  azimuthal  correlations  between  slow  heavy 
and fast light  fragments have also been  mea~ured.~  The 
results show strong 180" azimuthal correlations, providing 
further experimental evidence for collective processes.  In 
our  rnodel the correlation  function4 R (<D)  is defined  on 
the basis of the triple differential cross section as 
where mi  denotes the triple differential i particle cross sec- 
tion defined by Eq. (13): 
+ 
ui(~)=dui/d3F. 
The experimentally observed  180" azimuthal correlations 
are in qualitative agreement with the results of  the calcu- 
lations (Fig. 7).  In our calculation this effect is caused by 
the collective bounceoff: The heavier fragments (4~e)  are 
produced mainly on the colder target side and the protons 
ori  the opposite  side.  This  @=  180" correlation  between 
protons and heavy nuclei holds also for heavier fragments 
(target residues described in Sec. VI). 
VI.  FORMATION OF HEAVY FRAGMENTS 
IN THE FRAMEWORK OF HYDRODYNAMICS 
In the preceding ~ections  only the light fragment forma- 
tion was discussed under the assumption that there is local 
'thermal  and  chemical  equilibrium  between  these  frag- 
ments.  However, this assumption is satisfactory  only for 
the regions where we  have a higher  excitation  energy at 
the breakup  phase.  There are other  regions (mainly the 
"target  residue")  where  the  nucleons  are bound  deeper 
than  -8  MeV,  and  so light  fragment  formation  is not 
possible.  The fluids belonging to this deeply bound region 
are not taken into account in the calculation of  the light 
fragment  cross  sections.  This  region  is  of  considerable 
size compared to the whole reaction Zone so that we have 
to choose another description other than that in the previ- 
ous sections, since local equilibrium assumptions may not 
be applied. 
In the most typical  intermediate impact parameter re- 
gion 10-30  % of  the fluid cells form a connected spatial 
region  where the nucleons are deeply bound  at breakup. 
We assume that the nucleons in this region form an inter- mediate nucleus  with given  mass  and excitation energy. 
The mass of the nucleus is 
where the integral runs over the fluid volume  Vbnd  where 
the internal  excitation  energy  E < -  8  MeV/nucleon.  At 
the calculation of the total excitation energy of the heavy 
fragment we take into account the internal energy E and 
the energy arising from the spread of the flow momenta in 
this region.  We integrate the four-momenta of  the fluid 
cellsp(F)=[~(F),w(P)], 
where 
y(t)=l/l/[l-"(~)2] . 
In this way  we  can get  the rest  mass of the heavy  frag- 
ment as 
and its specific excitation  energy above the ground  state 
(-  8 MeV): 
This  heavy  fragment  is  expected  to be  emitted  with  a 
recoil energy ER corresponding to the velocity 
Thus we can get a rough estimate of the properties of the 
created heavy residue.  The underlying  basic idea is very 
similar to the abrasion-ablation m~del.~'  However, we are 
not bound to the straight line geometry,  the recoil  has a 
transverse component, and we  can determine the excita- 
tion energy of the residue without any additional assump- 
tion.  We neglected, however,  certain  processes,  e.g.,  the 
excitation stemming from the deformation  of  ehe spatial 
region where the deeply bound nucleons are situated at the 
breakup moment and the excitation arising from the sharp 
cutoff of  the density  at the surface.  Thus we  underesti- 
mate the excitation energy by a few MeV/N.  On the oth- 
er hand,  owing  to the rough  grid,  the  accuracy  of  the 
predicted mass is of the order of the mass contained in the 
fluid cells at the surface of the deeply bound region, which 
form  a  layer of  width  =Ax/2.  This yields  an essential 
relative error, especially for smaller residues: 
Such excited target residues have been found recently in 
I2c (84 MeV/N) + induced  reaction~~~-~~  aroiind A~50 
(AAN~O)  with  a  recoil  energy  of  about  1  MeV/N 
(ß~0.04-0.05~).  The small spread of the mass spectrum 
indicates that these are not fission products, and evapora- 
tion  calculations show  that  these  final  states may  arise 
TABLE  11.  Parameters  of  the  interrnediate  excited  target 
residues of mass larger than 10 for the Ne + U (393 MeV/N) re- 
action  calculated in  the  hydrodynamic  and evaporation  model 
(B0  = -  16 MeV, K,  =  200 MeV, and 11 =  10 MeV/fm2 C) at dif- 
ferent irnpact pararneters b.  The expected mass Ahnd,  recoil an- 
gle  8,  recoil energy  ER,  excitation energy E*  (without surface 
and defomation energies), and recoil velocity ß are listed. 
b  6  ER  E* 
(fm)  Abnd  (deg)  (MeV)  (MeV/N)  ß 
from an excited intermediate compound nucleus of A ~90 
and E* ~8  MeV/N. 
At 393 MeV/N  projectile energy the residues belonging 
to the lowest impact parameters have high excitation ener- 
gy so that they probably cannot bt: observed as one heavy 
residue (Table 11). At high impact parameters the fluctua- 
tions and final state interaction effects are large compared 
to our recoil energy so that our estimated recoil angles and 
energies are not easily observable.  Nevertheless, in an in- 
termediate  impact  parameter  region  there  should  be  a 
correlation between the residue mass and the mean recoil 
angle. 
In Table I1 the mass,  excitation  energy,  and emission 
angle of the expected heavy residue are shown versus the 
impact parameter.  In a wide impact parameter range we 
get  an intermediate nucleus  with  relatively  small (a few 
MeV/nucleon)  excitation  energy.  These  intermediate 
states may dzcay by light fragment or nucleon emission to 
yield  a  somewhat  lighter  observable  heavy  fragment. 
These final fragment  states  will be in  the vicinity of  the 
intermediate state on the (N,Z)  plane.  In Fig. 8 the inter- 
FIG. 8.  The estimated position of the intermediate compound 
target  residue  on  the  (N,Z)  plane  frorn  the  hydrodynamic 
model.  The N to Z  ratio is that of  uranium.  The neutron rich 
excited heavy residues can decay mainly by p, n, and a emission 
and so the final states are in a narrow region (A.4 e4-6)  around 
the indicated line.  In this  way  neutron  rich  isotopes  might be 
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mediate residues are shown on the (N,Z)  plane for several 
impact  parameters  in  a  Ne+ U  reaction  at  393 
MeV/nucleon  bombarding energy.  These results indicate 
that  in  reactions  with  heavy  target  or  projectile  new 
heavier neutron rich isotopes might be produced similarly 
to the already observed lighter ones arising from projectile 
fragmentation.53 
The model of the residue formation presented here does 
not  work  at small and  at  very  large impact parameters. 
At small impact parameters the intermediate residue has a 
large excitation energy.  This is caused by the fact that the 
deeply bound cells do not occupy a singly connected spa- 
tial region, but rather a ring or two or more separate con- 
nected regions.  The flow velocity differences between dif- 
ferent parts of  the deeply bound region become large and 
this is the reason for the apparent higher excitation ener- 
gies.  In  this  case the intermediate  residue fissions into 
two or more parts or it may be that already at the breakup 
moment  the deeply bound  cells form  several fragments. 
The latter happens at large impact parameters also, where 
both target and projectile residues are present.  However, 
for these large impact parameters the participant  Zone  is 
already very  small and contains only a few nucleons, so 
that  the hydrodynamic description  loses its validity  and 
other processes  such  as microscopic n-n correlations be- 
come more iniportant.5'46 
VII.  EVENT BY  EVENT ANALYSIS 
Recently, for the investigation of  the possible collective 
properties,  several methods  were  introduced  such as the 
sphericity  tensor,  energy  flow  tensor,  and  thrust  analy- 
ses.54-58 The first experimental studies with the plastic 
and with the streamer chambers9 are in Progress. 
Theoretically  it  is  straightforward to evaluate the real 
symmetric sphericity matrix in the c.m. frame: 
where i runs over all emitted charged particles (up to 4~e 
for the plastic ball experiments and  in  our calculations), 
and wi  is a weight factor which can depend on the type of 
particle i.  In the case of  the energy flow tensor analysis 
wi  =  1/2mi.  The eigenvalues Qi and eigenvectors Z1,Zz,Z3 
of the tensor can be  determined.  If we normalize the sum 
of eigenvalues to unity so that Q3  > Q2  > Ql we can evalu- 
ate  the  commonly  used  quantities:  ~~hericit~~~ 
S =  1.5(Ql  +Q2), flatness  F=~~(Q,-Q,  )/2, jet  angle 
6,.,,  =arccos( [Z3],  Je3  ),  and  aspect  rati~s~~  R  =  Q3  /Ql 
and RL=Qz/Ql. 
Before  discussing  the  calculational  details  let  us  em- 
phasize two problems.  Most detectors do not detect neu- 
trons, and these need not have the Same distribution as the 
average of  the other light charged fragments.  Similarly, 
heavy clusters and residues are also not detected.  There- 
fore, to gain a result which is comparable to experiments 
the analysis of the cluster formation is unavoidable. 
From  the  final  momentum  distribution  of  the  light 
fragments j~~  [see Sec. 111, Eqs. (12) and (1  311  the spheri- 
city tensor can be obtained as 
Expression  (28) can be  simplified6' and separated  into a 
thermal and a flow term if  we use Galilei transformation 
for  the  determination  of  c.m.  momentum  distribution 
from the local rest frames of the cells instead of a Lorentz 
transformation.  The importance of  such a thermal term 
arising from this separation is discussed in Ref. 60. 
In  Fig.  9  the jet  angle  and  the  R1  aspect  ratios  are 
shown for different impact parameters for protons, alpha 
particles, and the sum of all light charged fragments up to 
4~e,  in an energy flow tensor analysis (wi  =  1  /2mi ),  and 
in global analysis with wi  =  1.  We have Seen in the angu- 
lar distributions that the 4~e  particles show the collective 
jet  structure stronger  than the protons.  Note the differ- 
ence of  Proton and alpha aspect ratios at small and large 
impact parameters. 
At  small impact parameters  b=O  the alphas are pro- 
duced mainly in an outer ring yielding a very  flat oblate 
flow tensor.  Z1 points in the z direction, Z3 is orthogonal 
to the reaction  plane up  to b =3 fm, and  Q3=Q2 > Q,. 
As  the  impact  Parameter  increases  the  ring  of  colder 
matter first rotates then disappears and the target residue 
region will contain the colder matter where the alphas are 
emitted  from.  Now  the  differences  between  the  eigen- 
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FIG. 9.  Calculated R 1  aspect ratios versus the jet  angle e,, 
for different impact parameters in the Ne (393 MeV/N) + U re- 
action plotted  separately for protons p (dots), alpha particles a 
(open squares), and all charged light fragments (open triangles). 
The  lines  indicated  by  Open  circles  represent  light  particles 
without  thermal smearing.  Two different weights wi =  1,  +rni 
are compared. 2010  LASZLO P. CSERNAI et al. 
values  of  the alpha particle flow tensor  decrease and the 
alphas can even be emitted slightly more spherically than 
at small impact parameters.  The R  aspect  ratio for al- 
phas starts to grow rapidly when  b >  R,  -  R,=4  fm, and 
Z3 starts to point in the direction of  the bouhced off pro- 
jectile  inside the reaction plane (y,z). Now the difference 
between the proton and alpha flow tensor is luminous; the 
alphas are formed in the target and projectile spectator re- 
gions, far from each other in the phase space (Fig. 2).  Z3 
is in the reaction plane and Q3  »  Q2. 
The proton flow tensor changes continuously; Z3 is al- 
ways in the reaction plane and points in the direction of 
the bounced  off  projectile.  The flow angle eC,,,  and R 
change monotonically with increasing impact parameter. 
Due to these  systematics the R1(B)  function shows  a 
very sharp change for alpha particles according to our cal- 
culations (Fig. 9). Such structure can be expected ~nly  in 
asymmetric  collisions  like  Ne -+ U;  however,  statistical 
fluctuations may wash out this structure, especially in the 
case of alpha particles owing to their low multiplicity. 
In Fig. 9 the R, parameters of the einitted light frag- 
ments calculated  with and without the thermal momenta 
are also compared to each other.  The thermal smearing 
increases  the sphericity and decreases R1  by  20-30  % at 
all  impact  parameters.  This  indicates  that  in  earlier 
theoretical  global flow analyses of  Ref. 56 the neglect  of 
thermal smearing effects leads to an overestimation of the 
thrust value. 
In a  comparison  of  our calculations with  the experi- 
ments  some difficulties  arise.  The limited sensitivity  of 
the detector in momentum sDace and the fact that mcst 
detectors  do  not  Cover  a  spherically  symmetric  region 
around  the  c.m.  in  the momentum  sDace  cause  serious 
problems.  The  sphericity  matrix  detected  by  a  given 
detector  is not equal to the one defined by  Eq. (28), but 
rather is given by 
where pdet  is the sensitivity region of  the detector  in the 
momentum space.  Unfortunately, owing to the separation 
introduced6'  we are not able to easily reproduce such a re- 
striction. 
Figure 10 might provide, however, an insight into this 
problem.  The rapidity distribution of  the alpha particles 
is shown in the reaction plane for a Ne (393 MeV/N) +  U 
calculation  together  with  the  acceptance  of  the plastic 
ball."  The local maximum of the cross section caused by 
the evaporation of  the bounced  off  projectile lies  at the 
upper energy limit of the plastic ball for full particle iden- 
tification (~250-300  MeV/N)  owing to the fact that the 
collision is highly inelastic.  The better the peaked struc- 
ture of  the cross section shows up in the &astic  ball ob- 
servables, the closer the projectile energy is to this upper 
energy limit (i.e., at 300-400  MeV/N).  At very high pro- 
jectile  energies, in the GeV/N  region, the fluctuations and 
FIG. 10.  Contour plot of the calculated triple differential in- 
variant 4He cross section for the Ne (393 MeV/N) + U reaction 
at the iinpact  parameter b =6  fm.  Two peaks  arise from the 
target and projectile evaporations.  The dashed lines indicate the 
plastic ball and plastic wall response taken  from Ref. 48.  The 
full determination of particles is possible in the region indicated 
by (S,A,E)  so that the experimental determination of the matrix 
M is restricted to this region.  The energy flow matrix (Ref. 58) 
can be determined, however, by  using the information from the 
interior  layer, labeled E,  too.  The inaximum arising from the 
projectile evaporatioir  is detectable in the above reaction  by  the 
plastic ball (Ref. 48). 
the effects arising from the special sensitivity range of the 
detector are probably too strong to allow for a determina- 
tion of the collective flow variables. 
Because of  these difficulties, a Monte Carlo simulation 
would  be  extremely  useful  where  for  some  previously 
given  emission patterns  the sphericity and jet  angle vari- 
ables were evaluated in exactly the same way and with all 
restrictions as was done with  the actual experimental de- 
vice. 
VIII.  CONCLUSIOTQS 
We  have  presented  results  of  an  extended  fluid- 
dynamical  model  which  incorporated  the  formation  of 
light nuclear  fragments and their final thermal evapora- 
tion.  As we have Seen in the preceding sections there are 
numerous sigtlatures  of  the collective flow processes  ob- 
servable in the fragment emission such as (i)  the sidewards 
peaked structure of the double differential cross sections, 
especially  for composite  fragments;  (ii) the correlations 
arising from the collective structure of the triple differen- 
tial cross sections both between  two  and light 
and heavy  fragments; and (iii) the large jet  angles in the 
global analysis of  the central events.  These experimental 
signatures provide evidence of the existence of a collective 
flow of the hot, dense nuclear matter formed in relativistic 
heavy  ion  colli~ions.~~  These  collective  processes  are 
governed  by  the underlying equation of  state and trans- 28  -  FRAGMENT EMISSION IN HIGH-ENERGY HEAVY-ION REACTIONS  201 1 
port properties of the nuclear, hadronic, or quark matter. 
The detailed study of  the composite fragment Cross sec- 
tions in 47 exclusive experiments to be completed in the 
near future may provide a unique tool for the determina- 
tion of the properties of strongly interacting matter at ex- 
treme conditions  and may allow  for a  determination of 
phase transitions in dense nuclear matter.62 We are look- 
ing  forward to the analysis of  47 experiments presently 
underrvay. 
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